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that every Jordan derivation from Mn(A) into Mn(M) is a deriva-
tion.
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1. Introduction
There has been a great interest in the study of Jordan derivations of matrix algebras as well as
operator algebras in the last decades. Inmost cases, each Jordan derivation is a derivation. Herstein [5]
showed that every Jordan derivation from a 2-torsion free prime ring into itself is a derivation. Brešar
[3] proved that Herstein’s result is true for 2-torsion free semiprime rings. Sinclair [10] proved that
every continuous linear Jordan derivation on semisimple Banach algebras is an inner derivation.
Zhang in [11], proved that every Jordan derivation on nest algebras is an inner derivation. Benkovicˇ
[2] showed that every Jordan derivation from the algebra of all upper triangular matrices into any of
its bimodules is the sum of a derivation and an antiderivation. Zhang and Yu [12] showed that every
Jordan derivation of triangular algebras is a derivation.
By a classical result of Jacobson and Rickart [6] every fullmatrix ring over a 2-torsion free unital ring
has no proper Jordan derivation. Indeed this fact can be obtained from the two following theorems,
whereA is a 2-torsion free unital ring and Mn(A) is the ring of all n × n marices overA with usual
operations:
[6, Theorem 7] Any Jordan homomorphism of Mn(A) is the sum of a homomorphism and an
anti-homomorphism.
[6, Theorem 22] If every Jordan homomorphism of A is the sum of a homomorphism and an
anti-homomorphism, then every Jordan derivation fromA into itself is a derivation.
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As we see the proof is based on Jordan homomorphisms and ring structure and so we can not
use it to prove Theorem 3.1 which is a generalized form of this result. Also our proof is elementary,
constructive and straightforward. Someother problems about derivations ofmatrix algebras have been
discussed in [1,4,7,8,9].
2. Preliminaries
Throughout this paperA is a unital associative ring andM is a 2-torsion freeA-bimodule. We
assume that 1 · x = x · 1 = x, for all x ∈M, where 1 is the identity ofA. From now on, Mn(A), for
n 2, will denote the full matrix algebra of all n × n matrices overA with the usual operations, Eij ,
1 i, j  n, the matrix units inMn(A), x ⊗ Eij , the matrix whose (i, j)th entry is x and zero elsewhere
and Bij , the (ij)th entry of B ∈ Mn(A). Also diag(x1, . . . , xn) will denote a diagonal matrix with entries
x1, . . . , xn in the diagonal.
Aderivation is an additivemapD:A −→M such thatD(ab) = D(a)b + aD(b) for all a, b ∈A.We say
that D is inner if there existsm ∈M such that D(a) = Im(a) = am − ma for all a ∈A. Every derivation
D:A −→M, induces a derivation D:Mn(A) −→ Mn(M) by D((aij)) = (D(aij)), where Mn(M) has a
natural structure of Mn(A)-bimodule. D is called a Jordan derivation if D(a2) = D(a)a + aD(a) for all
a ∈A. Clearly, every derivation is a Jordan derivation. The converse is not true in general.
3. Main result
In this note, our main result is the following theorem.
Theorem 3.1. Every Jordan derivation from Mn(A) into Mn(M) is a derivation.
Let d be a Jordan derivation ofA into anA-bimodule.Replacing a by a + b in d(a2) = ad(a) + d(a)a,
we get
d(ab + ba) = d(a)b + ad(b) + d(b)a + bd(a) for all a, b ∈A. (3.1)
Now suppose that D is a Jordan derivation fromMn(A) intoMn(M) and deﬁne
Dklij :A→M, Dklij (a) = [D(a ⊗ Eij)]kl , a ∈A, 1 i, j, k, l  n.
Let a, b ∈A, 1 i, j, k, l,m n and i /= j. Using (3.1) we have
Dklij (ab)=[D(ab ⊗ Eij)]kl = [D((a ⊗ Eim)(b ⊗ Emj) + (b ⊗ Emj)(a ⊗ Eim))]kl
=[D(a ⊗ Eim)(b ⊗ Emj) + (a ⊗ Eim)D(b ⊗ Emj)]kl
+[D(b ⊗ Emj)(a ⊗ Eim) + (b ⊗ Emj)D(a ⊗ Eim)]kl
=δlj[D(a ⊗ Eim)]kmb + δkia[D(b ⊗ Emj)]ml + δlm[D(b ⊗ Emj)]kia
+δkmb[D(a ⊗ Eim)]jl ,
where δ is the Kronecker’s delta. Therefore, we have
Dklij (ab) = δljDkmim (a)b + δkiaDmlmj(b) + δlmDkimj(b)a + δkmbDjlim(a), if i /= j. (3.2)
Now using equality
[D(ab ⊗ Eii + ba ⊗ Eii)]kl = [D((a ⊗ Eii)(b ⊗ Eii) + (b ⊗ Eii)(a ⊗ Eii))]kl
and (3.1) we obtain
Dklii (ab + ba) = δilDkiii (a)b + δkiaDilii(b) + δliDkiii (b)a + δkibDilii(a). (3.3)
Hence by the lack of 2-torsion and Eq. (3.3), Dii
ii
, 1 i  n, is a Jordan derivation fromA intoM.
We abbreviate Jordan derivation Dii
ii
by Di.
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Lemma 3.2. For every 1 i, j, k, l,m n and a ∈A the following equalities hold:
(i) Dkl
ij
= 0, if j /= l, i /= k,
(ii) D
kj
ij
(a) = Dkm
im
(a) = Dkm
im
(1)a, if i /= k,
(iii) Dil
ij
(a) = Dml
mj
(a) = aDml
mj
(1), if l /= j,
(iv) D
ij
ij
(a) = Dik
ik
(1)a − aDjk
jk
(1) + Dkk
kk
(a).
Proof (i) In the case i = j, using (3.3) with b = 1, we get desired result. For i /= j and n > 2, using (3.2)
withm /= k, lwe obtainDkl
ij
= 0. For the case i /= j and n = 2, it is enough to proveDji
ij
= 0, 1 i /= j  2.
We show that D
ji
ij
= 0, i /= j.
Setting b = 1, k = j,m = l = i in (3.2) yields
D
ji
ij
(a) = Dji
ij
(1)a. (3.4)
On the other hand the equality
0 = D(0) = D((a ⊗ Eij)(b ⊗ Eij) + (b ⊗ Eij)(a ⊗ Eij))
together with (3.1) gives, for any k, l,
0 = Dklij (0) = δljDkiij (a)b + δkiaDjlij(b) + δljDkiij (b)a + δkibD
jl
ij
(a). (3.5)
Now setting k = l = j and b = 1 in (3.5), we conclude that Dji
ij
(a) = −Dji
ij
(1)a. The last equality and (3.4)
give the desired result.
(ii) Using (3.2) with b = 1 together with (i) and taking anym /= k or anym /= l, we obtain
Dklij (a) = δljDkmim (a) + δkiaDmlmj(1), if i /= j, k /= l. (3.6)
Using (i) and (3.2), taking anym /= k or anym /= l with a = 1 and replacing b by a give
Dklij (a) = δljDkmim (1)a + δkiDmlmj(a), if i /= j, k /= l. (3.7)
By (3.6) and (3.7) we have
D
kj
ij
(a) = Dkmim (a) = Dkmim (1)a, if i /= j, k /= i, j. (3.8)
Proceeding as above, the following equalities hold from (3.2) for i /= j:
D
jj
ij
(a) = Djm
im
(a) + δjmDjimj(1)a + δjmD
jj
im
(a), (3.9)
D
jj
ij
(a) = Djm
im
(1)a + δjmDjimj(a) + δjmaD
jj
im
(1). (3.10)
Also (3.9) and (3.10) imply that
D
jj
ij
(a) = Djm
im
(a) = Djm
im
(1)a, if i /= j,m /= j. (3.11)
Setting m = i in (3.9) and (3.10) leads to Djj
ij
(a) = Dji
ii
(a) = Dji
ii
(1)a and hence D
jj
ij
(a) = Djj
ij
(1)a, for i /= j.
Therefore the conditionsm /= j and k /= j are superﬂuous in (3.11) and (3.8), respectively.
Now repeated use of (3.11) with j = k andm = i imply
Dkmim (a) = Dkkik (a) = Dkiii (a) = Dkiii (1)a, if k /= i. (3.12)
Using (3.12), we conclude that the condition i /= j is superﬂuous in (3.8).
(iii) ReplaceA by its opposite algebraAop andM by theAop-bimoduleMop. Now, deﬁne D∗ :
Mn(A
op
) → Mn(Mop) by D∗(A) = D(A′)′, where ( )′ denotes the transpose. It can be readily seen that
D∗ is a Jordan derivation and Dkl
ij
= (D∗)lk
ji
, for any 1 i, j, k, l  n. Thus (iii) for D is just (ii) for D∗.
(iv) Since Di is a Jordan derivation fromA intoM, then using (3.1) together with (i), for i /= j, we
have
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0 = Di(1)=[D(Eii + Ejj)]ii = [D(EijEji + EjiEij)]ii
=[D(Eij)Eji]ii + [EijD(Eji)]ii + [D(Eji)Eij]ii + [EjiD(Eij)]ii
=
n∑
k=1
Dikij (1)[Eji]ki +
n∑
k=1
[Eij]ikDkiji (1)
+
n∑
k=1
Dikji (1)[Eij]ki +
n∑
k=1
[Eji]ikDkiij (1)
=Dij
ij
(1) + Dji
ji
(1). (3.13)
Hence
D
ij
ij
(1) = −Dji
ji
(1). (3.14)
Clearly (3.14) also holds for i = j.
Application of (i) and (3.2) with b = 1,m = k = i and l = j, gives
D
ij
ij
(a) = Di(a) + aDijij(1), if i /= j. (3.15)
Using (i) and setting a = 1, k = i andm = l = j in (3.2) and replacing b by a, we have
D
ij
ij
(a) = Dij
ij
(1)a + Dj(a), if i /= j. (3.16)
Taking anym /= k orm /= l, substituting b = 1, k = i and l = j in (3.2) and using (i) imply
D
ij
ij
(a) = Dimim(a) + aDmjmj(1), if i /= j. (3.17)
Since Di(1) = 0, we conclude that the condition i /= j is superﬂuous in (3.15) and (3.16). Now setting
j = m in (3.15) and using (3.14) implies
Dimim(a)=Di(a) + aDimim(1)
=Di(a) − aDmimi(1), 1 i,m n.
Hence Di(a) = Dimim(a) + aDmimi(1) and the condition i /= j is superﬂuous in (3.17). Therefore
D
ij
ij
(a) = Dikik(1)a + Dk(a) + aDkjkj(1) = Dikik(1)a − aD
jk
jk
(1) + Dk(a), (3.18)
where the ﬁrst equality can be derived from (3.17) and (3.16) and the second equality follows from
(3.14). 
By (ii) and (iii) of previous lemma, for 1 i, j, k, l  n, i /= k, j /= l, we can deﬁne Dki = Dkmim and
Dlj = Dml
mj
, for anym. In addition we set Dii = Dii = 0.
Lemma 3.3. Dij(1) = −Dji(1) for all 1 i, j  n.
Proof. It is evident that the equality holds for i = j. In the case i /= j, using the equation
0 = D(0) = D(EiiEjj + EjjEii)
and (3.1) yield
δljD
kj
ii
(1) + δkiDiljj(1) + δliDkijj (1) + δkjDjlii(1) = 0. (3.19)
Now, if we set l = j, k = i in (3.19), we get Dij
ii
(1) = −Dij
jj
(1) and hence Dij(1) = −Dji(1). 
Lemma 3.4. Let D:A→M be a map. Then D:Mn(A) → Mn(M),where n 2, is a Jordan derivation if
and only if it is a derivation.
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Proof. It is clear that if D is a derivation then it is a Jordan derivation. Now suppose that D is a Jordan
derivation. Choose arbitrary elements a, b ∈A and consider A = a ⊗ E12 + b ⊗ E21. But the equality
D(A2) = D(A)A + AD(A) implies that D is a derivation fromA intoM and hence D is a derivation from
Mn(A) intoMn(M). 
Proof of Theorem 3.1. Let (ars) be an arbitrary element of Mn(A) and D be a Jordan derivation from
Mn(A) into Mn(M). Then we have
[D((ars))]ij =
n∑
k,l=1
D
ij
kl
(akl) =
n∑
k=1
D
ij
kj
(akj) +
n∑
l=1
D
ij
il
(ail) − Dijij(aij)
=
⎡
⎣
n∑
k=1
Dik(akj) + Dijij(aij)
⎤
⎦+
⎡
⎣
n∑
l=1
Djl(ail) + Dijij(aij)
⎤
⎦− Dij
ij
(aij)
=
n∑
k=1
[Dik(1)akj] +
n∑
k=1
[aikDjk(1)] + Dijij(aij)
=
n∑
k=1
[Dik(1)akj − aikDkj(1)] + Dijij(aij)
=[I(Drs(1))((ars))]ij + [Dimim(1)aij − aijDjmjm(1)] + Dm(aij), (3.20)
where the second equality is resulted from (i) of Lemma 3.2 and the forth equality follows from (ii) and (iii)
of Lemma 3.2. Also application of Lemma 3.3 gives the ﬁfth equality and the last equality can be derived
from (iv) of Lemma 3.2.
Using (3.20) we conclude that
D((ars))= I(Drs(1))((ars)) + I[diag(D1m
1m
(1),D2m
2m
(1),...,Dnmnm(1))]((ars)) + Dm((ars))
= I[(Drs(1))+diag(D1m1m(1),D2m2m(1),...,Dnmnm(1))]((ars)) + Dm((ars)). (3.21)
Therefore Dm is a Jordan derivation from Mn(A) into Mn(M) and by Lemma 3.4 it is a derivation from
Mn(A) into Mn(M). Hence (3.21) implies that D is a derivation from Mn(A) into Mn(M). 
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